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CHAPTER ONE

OVERVIEW

Since 1973, the National Assessment of Educational Progress (NAEP) has gathered in-
formation about student achievement in mathematics. Results of these periodic assess-
ments, produced in print and web-based formats, provide valuable information to a wide
variety of audiences. They inform citizens about the nature of students’ comprehension of
the subject, curriculum specialists about the level and nature of student achievement, and
policymakers about factors related to schooling and its relationship to student proficiency
in mathematics.

The NAEP assessment in mathematics has two components that differ in purpose. One
assessment measures long-term trends in achievement among 9-, 13-, and 17-year-old
students by using the same basic design each time. This unique measure allows for com-
parisons of students’ knowledge of mathematics since it was first administered in 1973.
The main NAEP assessment is administered at the national, state, and selected urban dis-
trict levels. Results are reported on student achievement in grades 4, 8, and 12 at the na-
tional level, and for grades 4 and 8 at the state level and for large urban districts that vol-
unteered to participate. The main NAEP assessment is based on a framework (such as
this one) that can be updated periodically. The 2017 Mathematics Framework reflects
changes from 2005 in grade 12 only; mathematics content objectives for grades 4 and 8
have not changed. Therefore, main NAEP trend lines from the early 1990s can continue
at fourth and eighth grades for the 2017 assessment. Special analyses have also deter-
mined that main NAEP trend lines from 2005 can continue at 12th grade for the 2017 as-
sessment.

Taken together, the NAEP assessments provide a rich, broad, and deep picture of student
mathematics achievement in the U.S. Results are reported in terms of scale scores and
percentiles. These reports provide comprehensive information about what students in the
U.S. know and can do in the area of mathematics. These reports present information on
strengths and weaknesses in students’ knowledge of mathematics and their ability to ap-
ply that knowledge in problem-solving situations. In addition, these reports provide com-
parative student data according to gender, race/ethnicity, socio-economic status, and geo-
graphic region; describe trends in student performance over time; and report on relation-
ships between student proficiency and certain background variables.

Student results on the main NAEP assessment are reported for three achievement levels
(Basic, Proficient, and Advanced) as described below:

* Basic denotes partial mastery of prerequisite knowledge and skills that are fun-
damental for proficient work at each grade.

* Proficient represents solid academic performance for each grade assessed. Stu-
dents reaching this level have demonstrated competency over challenging subject
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matter, including subject-matter knowledge, application of such knowledge to
real-world situations, and appropriate analytical skills.

* Advanced represents superior performance.

These levels are intended to provide descriptions of what students should know and be
able to do in mathematics. Established for the 1992 mathematics scale at grades 4 and 8
and for the 2005 and 2009 mathematics scale at grade 12 through a broadly inclusive
process and adopted by the National Assessment Governing Board, the three levels per
grade are the primary means of reporting NAEP data. Compared with 2005, the 2009
achievement level descriptions for grade 12 reflect updated content. See appendix A for
the NAEP Mathematics Achievement Level Descriptions.

WHAT IS AN ASSESSMENT FRAMEWORK?

An assessment framework is like a blueprint. It lays out the basic design of the assess-
ment by describing the mathematics content that should be tested and the types of
assessment questions that should be included. It also describes how the various design
factors should be balanced across the assessment. A companion document to this frame-
work, Assessment and Item Specifications for the NAEP Mathematics Assessment, gives
more detail about development of the items and conditions for the 2017 NAEP Mathe-
matics Assessment.

This is an assessment framework, not a curriculum framework. In broad terms, this
framework attempts to answer the question: What mathematics skills should be assessed
on NAEP at grades 4, 8, and 12? The answer to this question must necessarily take into
account the constraints of a large-scale assessment such as NAEP with its limitations on
time and resources. Of critical importance is the fact that this document does not attempt
to answer the question: What (or how) mathematics should be taught? The framework
was developed with the understanding that some concepts, skills, and activities in school
mathematics are not suitable to be assessed on NAEP, although they may well be im-
portant components of a school curriculum. Examples include an extended project that
involves gathering data, or a group project.

This framework describes a design for the main NAEP assessments at the national, state,

and district levels, but it is not the framework for the long-term trend NAEP Assessment
described earlier.

NEED FOR A NEW FRAMEWORK AT GRADE 12

For several years, the Governing Board has focused special attention on ways to improve
the assessment of 12th graders by NAEP. The goal for this 12th-grade initiative is to ena-
ble NAEP to report on how well prepared 12th-grade students are for postsecondary edu-
cation and training. To accomplish this goal, the content of the assessments as described
in the 2005 Mathematics Framework was analyzed and revisions considered. The chal-
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lenge was to find the essential mathematics that can form the foundation for these
postsecondary paths. These should include use of quantitative tools, broad competence in
mathematical reasoning, mathematics required for postsecondary courses, and the ability
to integrate and apply mathematics in diverse problem-solving contexts. Analysis of the
2005 Mathematics Framework revealed that some revisions would be necessary to meet
this challenge.

FRAMEWORK DEVELOPMENT PROCESS

To implement this change at the 12th grade, the Governing Board contracted with
Achieve, Inc., to examine NAEP’s Mathematics Framework in relation to benchmarks set
by the American Diploma Project. An Achieve panel of mathematicians, mathematics
educators, and policymakers proposed increasing the scope and rigor of 12th-grade
NAEP. Achieve developed new assessment objectives, and a panel of mathematicians
and mathematics educators (including classroom teachers) reviewed and revised the ob-
jectives and matched them against the current set of objectives for grades 4 and 8. The
panel conducted focus groups with the Association of State Supervisors of Mathematics
and survey reviews with various NAEP constituents, using repeated rounds of reviews.
The Governing Board approved the final set of grade 12 objectives in August 2006.

CHANGES FROM 2005 FRAMEWORK
The exhibit below compares the 2009-2017 and 2005 mathematics frameworks.

Exhibit 1. Comparison of 2005 and 2009-2017 mathematics frameworks

Mathematics content * Objectives for grades 4 and 8 remain the same
* New subtopic of “mathematical reasoning” at grades
4,8, and 12

* Distribution of items for each content area at all grades
remains the same
* New objectives for grade 12

Mathematical complexity | New clarifications and new examples to describe levels of
mathematical complexity

Calculator policy Remains the same
Item formats Remains the same
Tools and manipulatives Remains the same
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CONCLUSION AND PREVIEW OF FRAMEWORK
The bullets below summarize each chapter in the NAEP Mathematics Framework:

* Mathematics content. Chapter two contains descriptions of the five major con-
tent areas of mathematics (Number Properties and Operations; Measurement; Ge-
ometry; Data Analysis, Statistics, and Probability; and Algebra) and specific ob-
jectives for grades 4, 8, and 12.

* Mathematical complexity. Each NAEP mathematics test item is designed to
measure a specific level of thinking (called the mathematical complexity of the
item). Chapter three describes the three levels and offers examples of each.

* Item formats. NAEP mathematics test items are written in one of three formats:
multiple choice, short constructed response, or extended constructed response,
with the 2017 assessment including these item types in a digital platform. Chapter
four describes each of these formats and gives examples.

* Assessment design. Each form of the NAEP Mathematics Assessment must be
balanced according to a number of different factors, including content, level of
complexity, and format. Chapter five describes the guidelines for balancing each
factor. This chapter also addresses other issues of design such as sampling, use of
calculators, tools and manipulatives, and accessibility for all students.

A valuable resource for learning more about NAEP can be found on the Internet at
nces.ed.gov/nationsreportcard/. This site contains reports describing results of recent as-
sessments and a searchable tool for viewing released items. Items can be searched by
many different features, such as grade level and content area. Information about the items
includes student performance and any applicable scoring rubrics. NAEP-released items
used as examples in this document are marked with a designation that matches the item
name in the NAEP Questions Tool, which can be found on the website.
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CHAPTER TWO

FRAMEWORK FOR THE ASSESSMENT

This chapter presents content areas, distribution of items by content, a description of the
matrix format, and a detailed description of each content area followed by the specific
objectives of the mathematics framework for that area.

CONTENT AREAS

Since its first mathematics assessments in the early 1970s and early 1980s, NAEP has
regularly gathered data on students’ understanding of mathematical content. Although the
names of the content areas in the frameworks and some of the topics in those areas may
change somewhat from one assessment to the next, a consistent focus toward collecting
information on student performance in five key areas remains. The framework for the
NAEP Mathematics Assessment is anchored in these same five broad areas of mathemat-
ical content:

* Number Properties and Operations (including computation and understanding
of number concepts)

* Measurement (including use of instruments, application of processes, and con-
cepts of area and volume)

* Geometry (including spatial reasoning and applying geometric properties)

* Data Analysis, Statistics, and Probability (including graphical displays and
statistics)

* Algebra (including representations and relationships)

These divisions are not intended to separate mathematics into discrete elements. Rather,
they are intended to provide a helpful classification scheme that describes the full spec-
trum of mathematical content assessed by NAEP. Classification of items into one primary
content area is not always clear-cut, but it helps ensure that important mathematical con-
cepts and skills are assessed in a balanced way.

At grade 12, the five content areas are collapsed into four, with geometry and measure-
ment combined into one. This reflects the fact that the majority of measurement topics

suitable for 12th-grade students are geometric in nature. Separating these two areas of

mathematics at 12th grade becomes forced and unnecessary.

It is important to note that certain aspects of mathematics occur in all content areas. The
best example of this is computation, or the skill of performing operations on numbers.
This skill should not be confused with the Number Properties and Operations content
area, which encompasses a wide range of concepts about our numeration system. The
area of Number Properties and Operations includes a variety of computational skills,
ranging from operations with whole numbers to work with decimals, fractions, and real

NAEP 2017 MATHEMATICS FRAMEWORK
5



numbers. However, computation is also critical in Measurement and Geometry in
calculating the perimeter of a rectangle, estimating the height of a building, or finding the
hypotenuse of a right triangle. Data analysis often involves computation in calculating a
mean or the range of a set of data, for example. Probability often entails work with
rational numbers. Solving algebraic equations also usually involves numerical
computation. Computation, therefore, is a foundational skill in every content area.
Although the main NAEP assessment is not designed to report a separate score for
computation, results from the long-term NAEP assessment can provide insight into
students’ computational abilities.

As described in chapter one, one of the changes made from the 2005 framework is the
addition of a subtopic for mathematical reasoning that appears in Number Properties and
Operations; Geometry; Data Analysis, Statistics, and Probability; and Algebra. No new
objectives were written at grades 4 and 8, but some of the objectives from the 2005
framework were moved into this new subtopic area. This reflects a new emphasis on the
importance of mathematical reasoning across each content area.

ITEM DISTRIBUTION

The distribution of items among the various mathematical content areas is a critical fea-
ture of the assessment design because it reflects the relative importance and value given
to each. As has been the case with past NAEP assessments, the categories receive differ-
ential emphasis at each grade. Exhibit 2 provides the recommended balance of items in
the assessment by content area for each grade (4, 8, and 12). The recommended item dis-
tribution is identical to the percentages found in the 2005 NAEP Mathematics Frame-
work. Note that the percentages refer to numbers of items, not the amount of testing time.

Exhibit 2. Percentage distribution of items by grade and content area

Content Area Grade 4 Grade 8 Grade 12
Number Properties and Operations 40 20 10
Measurement 20 15

30
Geometry 15 20
Data Analysis, Statistics, and Probability 10 15 25
Algebra 15 30 35

NAEP MATHEMATICS OBJECTIVES ORGANIZATION

Organizing the framework by content areas has the potential for fragmentation. However,
the intent is that the objectives and the test items built on them will, in many cases, cross
content area boundaries.
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To provide clarity and specificity in the objectives for each grade level, the framework
matrix (Exhibits 3, 4, 5, 6, and 7) depicts the particular objectives appropriate for assess-
ment under each subtopic. For example, within the Number Properties and Operations
subtopic of Number Sense, specific objectives are listed for assessment at grades 4, 8,
and 12. The same objective at different grade levels depicts a developmental sequence for
that concept or skill. An empty cell in the matrix conveys that a particular objective is not
appropriate for assessment at that grade level.

To fully understand these objectives and their intent, please note the following:

*  These objectives describe what is to be assessed on NAEP. They should not be interpreted
as a complete description of mathematics that should be taught at these grade levels.

*  Some of the grade 12 objectives are marked with an asterisk (*). This denotes objectives that
describe mathematics content beyond that typically taught in a standard 3-year course of
study (the equivalent of 1 year of geometry and 2 years of algebra). Therefore, these objec-
tives will be selected less often than the others for inclusion on the assessments. Although all
test items will be assigned a primary classification, some test items could potentially fall into
more than one content area or under more than one objective.

*  When the word or is used in an objective, it should be understood that an item may assess
one or more of the concepts included.

*  Further clarification of some objectives along with sample items may be found in Assess-
ment and Item Specifications for the NAEP Mathematics Assessment.

MATHEMATICAL CONTENT AREAS

NUMBER PROPERTIES AND OPERATIONS

Numbers are our main tools for describing the world quantitatively. As such, they
deserve a privileged place in the NAEP Mathematics Framework. With whole numbers,
we can count collections of discrete objects of any type. We can also use numbers to
describe fractional parts, to describe continuous quantities such as length, area, volume,
weight, and time, and even to describe more complicated derived quantities such as rates
of speed, density, inflation, interest, and so on. Thanks to Cartesian coordinates, we can
use pairs of numbers to describe points in a plane or triads of numbers to label points in
space. Numbers let us talk in a precise way about anything that can be counted, meas-
ured, or located in space.

Numbers are not simply labels for quantities; they form systems with their own internal
structure. Arithmetic operations (addition, subtraction, multiplication, and division) help
us model basic real-world operations. For example, joining two collections or laying two
lengths end to end can be described by addition, whereas the concept of rate depends on
division. Multiplication and division of whole numbers lead to the beginnings of number
theory, including concepts of factorization, remainder, and prime number. The other
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basic structure of real numbers is ordering, as in which is greater and which is lesser.
These reflect our intuitions about the relative size of quantities and provide a basis for
making sensible estimates.

The accessibility and usefulness of arithmetic is greatly enhanced by our efficient means
for representing numbers: the Hindu-Arabic decimal place value system. In its full devel-
opment, this remarkable system includes decimal fractions, which let us approximate any
real number as closely as we wish. Decimal notation allows us to do arithmetic by means
of simple routine algorithms and it also makes size comparisons and estimation easy. The
decimal system achieves its efficiency through sophistication as all the basic algebraic
operations are implicitly used in writing decimal numbers. To represent ratios of two
whole numbers exactly, we supplement decimal notation with fractions.

Comfort in dealing with numbers effectively is called number sense. It includes intuition
about what numbers tell us; understanding the ways to represent numbers symbolically
(including facility with converting between different representations); ability to calculate,
either exactly or approximately, and by several means (mentally, with paper and pencil,
or with calculator, as appropriate); and skill in estimation. Ability to deal with proportion
(including percent) is another important part of number sense.

Number sense is a major expectation of the NAEP mathematics assessment. In fourth
grade, students are expected to have a solid grasp of whole numbers as represented by the
decimal system and to begin understanding fractions. By eighth grade, they should be
comfortable with rational numbers, represented either as decimal fractions (including
percentages) or as common fractions, and should be able to use them to solve problems
involving proportionality and rates. At this level, numbers should also begin to coalesce
with geometry by extending students’ understanding of the number line. This concept
should be connected with ideas of approximation and the use of scientific notation.
Eighth graders should also have some acquaintance with naturally occurring irrational
numbers such as square roots and pi. By 12th grade, students should be comfortable deal-
ing with all types of real numbers and various representations such as exponents or loga-
rithms. Students at the 12th-grade level should be familiar with complex numbers and be
able to establish the validity of numerical properties using mathematical arguments.
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Exhibit 3. Number properties and operations

1) Number sense

Grade 4

Grade 8

Grade 12

a) Identify place value and
actual value of digits in whole
numbers.

a) Use place value to model
and describe integers and
decimals.

b) Represent numbers using
models such as base 10
representations, number lines,
and two-dimensional models.

b) Model or describe rational
numbers or numerical
relationships using number
lines and diagrams.

¢) Compose or decompose
whole quantities by place value
(e.g., write whole numbers in
expanded notation using place
value: 342 =300 + 40 + 2).

d) Write or rename whole
numbers (e.g., 10: 5+ 5,12 -2,
2 x 5).

d) Write or rename rational
numbers.

d) Represent, interpret, or
compare expressions for real
numbers, including
expressions using exponents
and logarithms.

¢) Connect model, number
word, or number using various
models and representations for
whole numbers, fractions, and
decimals.

e) Recognize, translate or
apply multiple representations
of rational numbers (fractions,
decimals, and percents) in
meaningful contexts.

f) Express or interpret numbers
using scientific notation from
real-life contexts.

f) Represent or interpret
expressions involving very
large or very small numbers in
scientific notation.

g) Find or model absolute
value or apply to problem
situations.

g) Represent, interpret, or
compare expressions or
problem situations involving
absolute values.

h) Order or compare rational
numbers (fractions, decimals,
percents, or integers) using
various models and repre-
sentations (e.g., number line).

i) Order or compare whole
numbers, decimals, or fractions.

i) Order or compare rational
numbers including very large
and small integers, and deci-
mals and fractions close to
Zero.

i) Order or compare real
numbers, including very large
and very small real numbers.
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Exhibit 3 (continued). Number properties and operations

2) Estimation

Grade 4

Grade 8

Grade 12

a) Use benchmarks (well-
known numbers used as
meaningful points for
comparison) for whole
numbers, decimals, or fractions
in contexts (e.g., /2 and .5 may
be used as benchmarks for
fractions and decimals between
0 and 1.00).

a) Establish or apply
benchmarks for rational
numbers and common
irrational numbers (e.g., 7) in
contexts.

b) Make estimates appropriate

to a given situation with whole

numbers, fractions, or decimals

by:

* Knowing when to estimate,

¢ Selecting the appropriate
type of estimate, including
overestimate,
underestimate, and range of
estimate, or

¢ Selecting the appropriate
method of estimation (e.g.,
rounding).

b) Make estimates appropriate

to a given situation by:

* Identifying when
estimation is appropriate,

* Determining the level of
accuracy needed,

* Selecting the appropriate
method of estimation, or

* Analyzing the effect of an
estimation method on the
accuracy of results.

b) Identify situations where
estimation is appropriate,
determine the needed degree of
accuracy, and analyze* the
effect of the estimation method
on the accuracy of results.

¢) Verify solutions or determine
the reasonableness of results in
meaningful contexts.

¢) Verify solutions or
determine the reasonableness
of results in a variety of
situations, including calculator
and computer results.

¢) Verify solutions or
determine the reasonableness
of results in a variety of
situations.

d) Estimate square or cube
roots of numbers less than
1,000 between two whole
numbers.

d) Estimate square or cube
roots of numbers less than
1,000 between two whole
numbers.

* Objectives that describe mathematics content beyond that typically taught in a standard
3-year course of study (the equivalent of 1 year of geometry and 2 years of algebra).
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Exhibit 3 (continued). Number properties and operations

3) Number operations

Grade 4

Grade 8

Grade 12

a) Add and subtract:

*  Whole numbers, or

* Fractions with like
denominators, or

* Decimals through
hundredths.

a) Perform computations with
rational numbers.

a) Find integral or simple
fractional powers of real
numbers.

b) Multiply whole numbers:

* No larger than two digit by
two digit with paper and
pencil computation, or

* Larger numbers with use of
calculator.

b) Perform arithmetic
operations with real numbers,
including common irrational
numbers.

¢) Divide whole numbers:

¢ Up to three digits by one
digit with paper and pencil
computation, or

* Up to five digits by two
digits with use of
calculator.

c¢) Perform arithmetic
operations with expressions
involving absolute value.

d) Describe the effect of
operations on size (whole
numbers).

d) Describe the effect of
multiplying and dividing by
numbers including the effect
of multiplying or dividing a
rational number by:

e Zero, or

* A number less than zero,
or

* A number between zero
and one,

e  One, or

* A number greater than
one.

d) Describe the effect of
multiplying and dividing by
numbers including the effect
of multiplying or dividing a
real number by:

e Zero, or

* A number less than zero,
or

* A number between zero
and one, or

e  One, or

* A number greater than
one.

e) Interpret whole number
operations and the relationships
between them.

e) Interpret rational number
operations and the
relationships between them.

f) Solve application problems
involving numbers and
operations.

f) Solve application problems
involving rational numbers and
operations using exact answers
or estimates as appropriate.

f) Solve application problems
involving numbers, including
rational and common
irrationals.
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Exhibit 3 (continued). Number properties and operations

4) Ratios and proportional reasoning

Grade 4

Grade 8

Grade 12

a) Use simple ratios to describe
problem situations.

a) Use ratios to describe
problem situations.

b) Use fractions to represent
and express ratios and
proportions.

¢) Use proportional reasoning
to model and solve problems
(including rates and scaling).

¢) Use proportions to solve
problems (including rates of
change).

d) Solve problems involving
percentages (including percent
increase and decrease, interest

d) Solve multistep problems
involving percentages,
including compound

rates, tax, discount, tips, or percentages.
part/whole relationships).
5) Properties of number and operations
Grade 4 Grade 8 Grade 12

a) Identify odd and even
numbers.

a) Describe odd and even
integers and how they behave
under different operations.

b) Identify factors of whole
numbers.

b) Recognize, find, or use
factors, multiples, or prime
factorization.

c¢) Recognize or use prime and
composite numbers to solve
problems.

¢) Solve problems using
factors, multiples, or prime
factorization.

d) Use divisibility or
remainders in problem
settings.

d) Use divisibility or
remainders in problem
settings.

e) Apply basic properties of
operations.

e) Apply basic properties of
operations.

e) Apply basic properties of
operations, including
conventions about the order of
operations.

f) Recognize properties of the
number system (whole
numbers, integers, rational
numbers, real numbers, and
complex numbers) and how
they are related to each other,
and identify examples of each
type of number.
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Exhibit 3 (continued). Number properties and operations

6) Mathematical reasoning using number

Grade 4 Grade 8 Grade 12
a) Explain or justify a a) Explain or justify a a) Give a mathematical
mathematical concept or mathematical concept or argument to establish the
relationship (e.g., explain why | relationship (e.g., explain why | validity of a simple numerical
15 is an odd number or why 7-3 | 17 is prime). property or relationship.
is not the same as 3-7).
b) Provide a mathematical b) *Analyze or interpret a proof
argument to explain operations | by mathematical induction of a
with two or more fractions. simple numerical relationship.

* Objectives that describe mathematics content beyond that typically taught in a standard 3-year course of study (the
equivalent of 1 year of geometry and 2 years of algebra).

MEASUREMENT

Measuring is the process by which numbers are assigned to describe the world quantita-
tively. This process involves selecting the attribute of the object or event to be measured,
comparing this attribute to a unit, and reporting the number of units. For example, in
measuring a child, we may select the attribute of height and the inch as the unit for the
comparison. In comparing the height to the inch, we may find that the child is about 42
inches. If considering only the domain of whole numbers, we would report that the child
is 42 inches tall. However, since height is a continuous attribute, we may consider the
domain of rational numbers and report that the child is 41°/,, inches tall (to the nearest
16th of the inch). Measurement also allows us to model positive and negative numbers as
well as the irrational numbers.

This connection between measuring and number makes measuring a vital part of the
school curriculum. Measurement models are often used when students are learning about
number and operations. For example, area and volume models can help students under-
stand multiplication and its properties. Length models, especially the number line, can
help students understand ordering and rounding numbers. Measurement also has a strong
connection to other areas of school mathematics and to the other subjects in the school
curriculum. Problems in algebra are often drawn from measurement situations. One can
also consider measurement to be a function or a mapping of an attribute to a set of num-
bers. Geometry as taught in U.S. schools often focuses on the measurement aspect of ge-
ometric figures. Statistics also provides ways to measure and to compare sets of data.
These are just some of the ways that measurement is intertwined with the other four
content areas.

In this NAEP Mathematics Framework, attributes such as capacity, weight/mass, time,
and temperature are included, as are the geometric attributes of length, area, and volume.
Although many of these attributes are included in the grade 4 framework, the emphasis
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there is on length, including perimeter, distance, and height. More emphasis is placed on
areas and angles in grade 8. By grade 12, volumes and rates constructed from other at-
tributes, such as speed, are emphasized.

The NAEP assessment includes nonstandard, customary, and metric units. At grade 4,
common customary units such as inch, quart, pound, and hour; and common metric units
such as centimeter, liter, and gram are emphasized. Grades 8 and 12 include the use of
both square and cubic units for measuring area, surface area, and volume, degrees for
measuring angles, and constructed units such as miles per hour. Converting from one unit
in a system to another, such as from minutes to hours, is an important aspect of measure-
ment included in problem situations. Understanding and using the many conversions
available is an important skill. There are a limited number of common, everyday equiva-
lencies that students are expected to know (see Assessment and Item Specifications for
the NAEP Mathematics Assessment for more detail).

Items classified in this content area depend on some knowledge of measurement. For ex-
ample, an item that asks the difference between a 3-inch and a 1*/,-inch line segment is a
number item, whereas an item comparing a 2-foot segment with an 8-inch line segment is
a measurement item. In many secondary schools, measurement becomes an integral part
of geometry; this is reflected in the proportion of items recommended for these two areas.

Exhibit 4. Measurement

1) Measuring physical attributes

Grade 4 Grade 8 Grade 12

a) Identify the attribute that is
appropriate to measure in a
given situation.

b) Compare objects with b) Compare objects with b) Determine the effect of
respect to a given attribute, respect to length, area, volume, || proportions and scaling on
such as length, area, volume, |angle measurement, weight, or | length, area, and volume.

time, or temperature. mass.

c¢) Estimate the size of an c¢) Estimate the size of an c¢) Estimate or compare

object with respect to a given || object with respect to a given | perimeters or areas of two-
measurement attribute (e.g., measurement attribute (e.g., dimensional geometric figures.
length, perimeter, or area using || area).

a grid).

d) Solve problems of angle
measure, including those
involving triangles or other
polygons or parallel lines cut
by a transversal.

NAEP 2017 MATHEMATICS FRAMEWORK
14




Exhibit 4 (continued). Measurement

1) Measuring physical attributes (continued)

Grade 4

Grade 8

Grade 12

e) Select or use appropriate
measurement instruments such
as ruler, meter stick, clock,
thermometer, or other scaled
instruments.

e) Select or use appropriate
measurement instrument to
determine or create a given
length, area, volume, angle,
weight, or mass.

f) Solve problems involving
perimeter of plane figures.

f) Solve mathematical or real-
world problems involving
perimeter or area of plane
figures such as triangles,
rectangles, circles, or
composite figures.

f) Solve problems involving
perimeter or area of plane
figures such as polygons,
circles, or composite figures.

g) Solve problems involving
area of squares and rectangles.

h) Solve problems involving
volume or surface area of

rectangular solids, cylinders,
prisms, or composite shapes.

h) Solve problems by
determining, estimating, or
comparing volumes or surface
areas of three-dimensional
figures.

1) Solve problems involving
rates such as speed or
population density.

1) Solve problems involving
rates such as speed, density,
population density, or flow
rates.

2) Systems of measurement

Grade 4

Grade 8

Grade 12

a) Select or use an appropriate
type of unit for the attribute
being measured such as length,
time, or temperature.

a) Select or use an appropriate
type of unit for the attribute
being measured such as length,
area, angle, time, or volume.

a) Recognize that geometric
measurements (length, area,
perimeter, and volume) depend
on the choice of a unit, and
apply such units in
expressions, equations, and
problem solutions.
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Exhibit 4 (continued). Measurement

2) Systems of measurement (continued)

Grade 4

Grade 8

Grade 12

b) Solve problems involving
conversions within the same
measurement system such as
conversions involving inches
and feet or hours and minutes.

b) Solve problems involving

conversions within the same

measurement system such as
conversions involving square
inches and square feet.

b) Solve problems involving
conversions within or between
measurement systems, given
the relationship between the
units.

c¢) Estimate the measure of an

object in one system given the

measure of that object in
another system and the
approximate conversion factor.

For example:

* Distance conversion: 1
kilometer is approximately
5/8 of a mile.

* Money conversion: U.S.
dollars to Canadian
dollars.

* Temperature conversion:
Fahrenheit to Celsius.

d) Determine appropriate size
of unit of measurement in
problem situation involving
such attributes as length, time,
capacity, or weight.

d) Determine appropriate size
of unit of measurement in
problem situation involving
such attributes as length, area,
or volume.

d) Understand that numerical
values associated with
measurements of physical
quantities are approximate, are
subject to variation, and must
be assigned units of
measurement.

e) Determine situations in
which a highly accurate
measurement is important.

e) Determine appropriate
accuracy of measurement in
problem situations (e.g., the
accuracy of each of several
lengths needed to obtain a
specified accuracy of a total
length) and find the measure to
that degree of accuracy.

e) Determine appropriate
accuracy of measurement in
problem situations (e.g., the
accuracy of measurement of
the dimensions to obtain a
specified accuracy of area) and
find the measure to that degree
of accuracy.

f) Construct or solve problems
(e.g., floor area of a room)
involving scale drawings.

f) Construct or solve problems
involving scale drawings.

NAEP 2017 MATHEMATICS FRAMEWORK

16




Exhibit 4 (continued). Measurement

3) Measurement in triangles

Grade 4

Grade 8

Grade 12

a) Solve problems involving
indirect measurement such as
finding the height of a building
by comparing its shadow with
the height and shadow of a
known object.

a) Solve problems involving
indirect measurement.

b) Solve problems using the
fact that trigonometric ratios
(sine, cosine, and tangent) stay
constant in similar triangles.

¢) Use the definitions of sine,
cosine, and tangent as ratios of
sides in a right triangle to solve
problems about length of sides
and measure of angles.

d) Interpret and use the identity
sin’@ + cos’6 = 1 for angles 6
between 0° and 90°; recognize
this identity as a special
representation of the
Pythagorean theorem.

e) * Determine the radian
measure of an angle and
explain how radian
measurement is related to a
circle of radius 1.

f) * Use trigonometric
formulas such as addition and
double angle formulas.

g) * Use the law of cosines and
the law of sines to find
unknown sides and angles of a
triangle.

* Objectives that describe mathematics content beyond that typically taught in a standard 3-year course of study (the
equivalent of 1 year of geometry and 2 years of algebra).
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GEOMETRY

Geometry began as a practical collection of rules for calculating lengths, areas, and vol-
umes of common shapes. In classical times, the Greeks turned it into a subject for reason-
ing and proof, and Euclid organized their discoveries into a coherent collection of results,
all deduced using logic from a small number of special assumptions, called postulates.
Euclid’s Elements stood as a pinnacle of human intellectual achievement for more than
2,000 years.

The 19th century saw a new flowering of geometric thought going beyond Euclid, and
leading to the idea that geometry is the study of the possible structures of space. This had
its most striking application in Einstein’s theories of relativity describing the behavior of
light and gravity in terms of a four-dimensional geometry, which combines the usual
three dimensions of space with time as an additional dimension.

A major insight of the 19th century is that geometry is intimately related to ideas of
symmetry and transformation. The symmetry of familiar shapes under simple transfor-
mations—that our bodies look more or less the same if reflected across the middle or that
a square looks the same if rotated by 90 degrees—is a matter of everyday experience.
Many of the standard terms for triangles (scalene, isosceles, equilateral) and quadrilat-
erals (parallelogram, rectangle, rhombus, square) refer to symmetry properties. Also, the
behavior of figures under changes of scale is an aspect of symmetry with myriad practical
consequences. At a deeper level, the fundamental ideas of geometry (for example, con-
gruence) depend on transformation and invariance. In the 20th century, symmetry ideas
were also seen to underlie much of physics, including not only Einstein’s relativity theo-
ries but also atomic physics and solid-state physics (the field that produced computer
chips).

Geometry as taught in U.S. schools roughly mirrors historical development through
Greek times with some modern additions, most notably symmetry and transformations.
By grade 4, students are expected to be familiar with a library of simple figures and their
attributes, both in the plane (lines, circles, triangles, rectangles, and squares) and in space
(cubes, spheres, and cylinders). In middle school, understanding of these shapes deepens,
with study of cross-sections of solids and the beginnings of an analytical understanding
of properties of plane figures, especially parallelism, perpendicularity, and angle relations
in polygons. Schools introduce right angles and the Pythagorean theorem, and geometry
becomes more and more mixed with measurement. Study of the number lines forms the
basis for analytic geometry. In secondary school, instruction includes Euclid’s legacy and
the power of rigorous thinking. Students are expected to make, test, and validate conjec-
tures. Via analytic geometry, the key areas of geometry and algebra merge into a 